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Abstract

For web users, transmission activity is often described in terms of the number of file requests and file sizes that have
a slowly decaying survivability function. In this article we model this line activity using a flexible shot-noise
representation that enables us to analyze the infrared catastrophe effect introduced by the heavy-tailed characteristics.
The proposed methodology is based on the ¢ -stable characteristics of the traffic pattern. In addition, the effective
bandwidth estimation of the proposed traffic model is presented. It provides a useful approach for the data network
design and the admission control mechanism. Numerical results demonstrate the impact of the different statistical
parameters on the spectral performance.

Keyword: Stochastic processes, Shot noise, Traffic models.

Resumen

La actividad en la transmision de los usuarios Web es frecuentemente descrita en términos del nimero de solicitudes
de archivos y de sus tamafios, donde la funcidn de sobrevivencia del tamafio de los archivos tiene un decaimiento
lento. En este articulo se modela la actividad de linea utilizando una representacion flexible del ruido de disparo que
permite analizar el efecto catéstrofe infrarroja introducido por las caracteristicas de las distribuciones de cola pesada.
La metodologia propuesta es basada en las caracteristicas « -estables del patrdn de tréfico, presentando ademas la
estimacion del ancho de banda efectivo del modelo propuesto, lo cual brinda un enfoque muy util para el disefio de
redes de datos y los mecanismos de control de admision. Los resultados numéricos demuestran el impacto de los
diversos pardmetros estadisticos en el desempefio espectral.

Palabras clave: Procesos estocasticos, ruido de disparo, modelos de tréfico.

1 Introduction

Although the existence of heavy-tailed phenomena in telecommunications has been recognized since the 1960s (Berger
et al., 1963; Ritcher, 1960; Susman, 1963), it is only after the massive proliferation of internet services which cannot be
modeled by conventional tools, that heavy-tailed telecommunications phenomena are receiving attention. Spectral
characterization is important as the low frequency content relates to the long-range dependence of the process. The
traffic modeling approaches are diverse. For instance, while some authors (Ryu and Lowen, 1996) propose the use of
the fractal-shot-noise driven Poisson process to model self-similar traffic with long-range dependence (LRD), others
(Crovela and Bestavros, 1997) propose a WWW traffic characterization based on a general heavy-tail model to describe
the on and off periods.

In this paper, we propose shot noise as a flexible way to model a variety of heavy-tailed phenomena. The proposed
approach is based on the alpha-stable characteristics of the non-Gaussian Paretian variables. Our approach is based on
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the fact that WWW traffic also presents the Noah effect (representing the variability of stable random variables): and we
take advantage of the well established usefulness of the spectral analysis (Lowen and Teich, 1991).

It is important to remark that Crovela characterizes WWW traffic based on a general heavy-tail distribution to
describe the on and off periods, while in this paper we deal with alpha-stable totally skewed distribution to describe the
on periods, with the consequent computational advantage of simple effective bandwidth estimation.

On the other hand Ryu and Lowen paper is related to Point Processes Models (PPM). In this paper, the line activity
spans are heavy tailed with starting points modeled according to a flexible PPM shot noise representation.

Although these three approaches deal with infrared noise, they tackle different problems as: Ryu and Lowen model
relies on second order statistics such as covariance function, count dispersion index, Power Spectrum Density (PSD).
These statistics are function of the mean arrival rate, Hurst, and fractal onset time. Crovela’s work considers
asymmetrical ON/OFF period distributions in order to explain the Web traffic self-similarity. In our work the proposed
methodology is based on skewed (B=1) a-stable characterization of the traffic pattern as: a, y and p and the occurrence

rate A of activity periods, presenting two analysis techniques: Spectral characterization, and the Effective Bandwidth.
While the spectral characterization shows the impact of the alpha stability parameters on the 1/f noise, the effective
bandwidth analysis allows determining the number of connections that can be multiplexed without violating any service
levels guaranteed to the customers (Kelly, 1996). This approach is useful to compute the amount of resources to fulfill
the user application requirements a necessary element on design of data networks as: Multiprotocol Label Switching
(MPLS) and Integrated Services architectures (IntServ), and admission control mechanisms on current networks.

The remainder of this paper is organized as follows. Section two introduces concepts related to shot noise modeling,
statistical properties of network traffic as well as effective bandwidth definition. Section three presents the spectral
analysis of the proposed traffic model. While the effective bandwidth estimation of the proposed traffic model is
presented in section four. Finally, the concluding remarks are presented.

2 Conceptual Framework

A shot-noise process s(t) can be described, extending the Gilbert and Pollack notation (Gilbert and Pollack, 1960), as

the aggregation of multiple stochastic signals involving k random parameters i = (i, i, ,...i, ). That is,

s(t) = ZI: h-(t) = ZI: hil,iz ..... i (t)- (1)

For instance, this general description allows representation of a line-data signal such as s(t) = Zhi, (t) where
i

hi(t)=a; p(t-iT-7), {a} is the random data sequence, p(t) is the transmitted wave shape, while the instants iT are
associated with the occurrence times (often assumed to be regularly spaced), and the t;s account for random timing
errors or jitter. A similar model can also be used to represent traffic volume expressed in terms of packets per time unit.
In this case, {a;} represents the number of arrived packets during the i-th observation span, where each observation has
a duration of T; 7 can be neglected, and p(t)=1 for te[0,T] and p(t)=0 otherwise.

In other phenomena, 7 instants are associated with a Poisson process while h. (t) = (t — z,) ™ for t>7 and 0 otherwise,

with a being a non-negative constant. This latter case is known in the literature as fractal shot noise (Lowen and Teich,
1991).

It is known that line activity can be viewed as a sequence of alternating active and quiescent runs (Adler et al.,
1998). In a WWW environment, activity periods are known to exhibit a long-range dependence, often described in
terms of Noah/Joseph cycles (Mandelbrot, 1999a). This activity pattern can be described as a “sporadic function”*

! The “sporadic function” term holds for the class of functions not necessarily stationary, where the Wiener-Khinchin theorem can be applied
(Mandelbrot, 1999b).
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t
s(t) = Z h(— —z,) where &; and t; represent the duration and occurrence of the activity span, respectively, and h(t)
i

is a shifted rectangular function (i.e., h(t)=1 for t&[0,T] and h(t)=0 otherwise).

Heavy Tailed Distributions

It is accepted that current Internet traffic exhibits heavy-tail characteristics.
Definition: A random variable X has a heavy-tailed distribution if

P[X >x]~x* asX—>®, 0<a<2. 2

That is, regardless of the behavior of the distribution for small values of the random variable, if the asymptotic shape
of the distribution is hyperbolic, it is heavy-tailed. The simplest heavy-tailed distribution is the Pareto distribution. The
Pareto distribution is hyperbolic over its entire range. Heavy-tailed distributions have the following properties:

1) If ¢ <2, then the distribution has infinite variance.
2) If <1, then the distribution has infinite mean.
Thus, as alpha decreases, an arbitrarily large portion of probability mass may be present in the tail of the distribution.

« -Stable Distributions

Definition: A random variable X is said to have a stable distribution if for X, X, independent copies of X and any
positive numbers A and B, there is a positive number C and a real number D such that

d ®)
AX,+BX, = CX+D.
Theorem 1: For any stable random variable X, there is a number ¢ < (0,2] such that the number C in (3) satisfies:
C*=A"+B“. 4

A stable random variable X with index ¢ is called Alfa stable.

The generalized theorem of Central Limit proposes the alpha-stable distributions to model the aggregated
contribution of many random variables, without restricting them to have a finite variance (as central limit theorem does).
The ¢ -stable characteristic function C(w) is expressed as

logC, (@) = ¢, (@) = juw—7y|o"[L+ jfsgn(@)y (@, »)],
tan(%) for a=#1

®)

where y(a,w)=

EIog\a)\ for a=1
T

Indexes o, B, y and p are respectively known as stability index, skewness, dispersion and location parameters, and
sgn (w)=-1,0and 1 for w<0, w=0and >0, respectively.

a-stable variables have a characteristic function of the form C/ /(@) = exp{p % ()} given by (5), and they are denoted

as Xﬂsa(%ﬂ’y) . Special cases of alpha stability are the Gaussian S, (y, 3, 1), Cauchy S, (»,0, ) and Levy S, . (r,1, 1)
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distributions (Leon-Garcia, 1994). As these special distributions have closed-form expressions, they are usually studied
with other methodology, and they are not discussed in this article.
It is known (Leon-Garcia, 1994) that for a non-zero constant k and for a set of independent a.-stable variables x; with

the same stability index (i.e. X»ES (),_,’3’#_)) VX X and kx; are also a-stable distributions, i.e.

d
Xi+xjisa(yvﬁ’ﬂ)’ (6-a)
where y = [y¢ + ys 75 g BB 5 p— 4oy, and
7wty
d S if 1
1 =S, (Kly,san() B k) if a= (6-b)

Long Range Dependence (LRD)

The self-similar property of Internet traffic manifests itself in the autocorrelation function p(k). The sum of all

autocorrelations from any given time instant is always significant, even if individual correlations are small.

Internet traffic exhibits an LRD phenomenon. This means that Internet traffic characteristics, at time t, will have a
long term influence. And LRD is defined as the property of some processes in which the sum of the autocorrelation
values approaches infinity. This is:

> (k) =co- @)
k=0
Where its autocorrelation function is
p(K) ~ L, (K)k~* k>0 0<f<1, (8)

kis the lag and L, is a slow-varying function?.

Or, equivalently, as the power-law divergence at the origin of its power spectrum:
f(4)~L,(1)A™° 20 0<D<1, ©)

A is the frequency and L, is a slow-varying function.

Effective Bandwidth

Effective bandwidth is a concept in terms of throughput. It provides a measure of resource usage which adequately
represents the trade-off between sources of different types, considering their statistical characteristics and Quality of
Service (QoS) requirements.

The definition of the effective bandwidth o (g,t) associated with a source is (Kelly , 1996):

a(f,t) = %Iog E[e”] 0<@, t<owos (10)

2 A slow positive and continues function (L) is slow varying if satisfies: lim, ,, L(tx)/L(x)=1 vt>0
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where @ and t are the space and time scale parameters, X[0,t] is the traffic load that arrives from a source in the interval
[0,t]. It is assumed that X[0,t] has stationary increments that represents the source’s traffic load present on equation (10)
in the interval [0,t].

Time scale parameter is the minimum scale on which the traffic needs to be observed. Typical time scale parameter
goes from 10msec to 100 msec.

Space scale parameter is directly related with the QoS that a system (such a router) provides to a source. For a high
QoS the reservation of system resources should tend to the source peak rate, this is a high @-value. Otherwise, the
resource reservation must be at least the mean rate, leading on a lower QoS and &-value.

It is important to remark that equation (10) is for general application, can be used to compute the effective
bandwidth of any source X[0,t]. In section four we will focus on the effective bandwidth of the Shot Noise model
proposed.

3 Spectral Analysis

In the case of web page retrieval scenarios, it has been observed (Fisher and Harris, 1999; Resnick 1999) that t;
correspond to customers’ requests following a Poisson pattern while web page sizes or activity periods &; can be
modeled by a heavy-tailed distribution (Adler et al., 1998; Park and Willinger, 2000). Note that &; values will depend
not only on the file sizes but also on the network’s engineering parameters.

Heavy-tailed phenomena exhibit long-range dependence, which is characterized in terms of a slowly decaying
correlation function. Mandelbrot (1999a) has proposed describing these phenomena as so-called 1/ f -noise, relating the

dependence range to the low frequency content.

Autocorrelation Ry(t) of s(t) can be expressed as

RD=EE X Oh 0} =23 E (] hOh(t+0dd (1)

Si

and hence its power-spectral density function becomes g () = >y —Eg) {Hi(®)Hc* (@)}
T &

Since h(t) has been assumed to be a shifted rectangular function
(2]

08
SiIn——-
T2 anleimCt

exp{ Jw(2+fi)} 2

. 2 expljo(® +4,)} (12)
@ 2

S(@)=2.2.

(@i & Tk &)

Assuming independence among t;s and &;s and using the Euler formulae (Leon-Garcia A., 1994), equation (12) can
be written as:

5,0) =5 X Y€, (@L-C, (0)-C, (@)+C, ()] 13)

where C,(w) is the characteristic function of the random variable x.

It has been reported in the literature that t;s can be modeled by a Poisson processes (Fisher and Harris, 1999; Liu et
al., 2000). While the activity spans &;s can be modeled by Paretian distributions (Mandelbrot, 1999a). This corresponds
to the flexible model referred to in the literature as M/G/ oo (Parulekar and Makowsky, 1997; Kunz and Makowsky,
1998). It is known that Pareto laws belong to the so-called stable Paretian or stable non-Gaussian distributions
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(Samarodnitsky and Taqqu, 1994).Therefore, since duration spans &;and &, are both a-stable, the difference &;-& is also
a-stable ;g s @rey00) AN C, 4 (@)=CLy"° (@) =exp{-2" ol "}

Recalling that & is a non-negative random variable?, i.e. B =1, the spectral representation becomes

S, (@) = 522{1— 2e71°!" cos(ue — 7| syn(@) (@ o) +e 1 IC, . (0)- (14)

Considering a normalized time interval during which n number of packets arrive, (14) can be written as

5. (@) = En{ﬂii{l— 2e 71" cos(ue -yl son(@) (@) +e” 1 yc, (w)} '
@ i1 k=1
5.(0) = {1267 cos(uoo - 7lof“ sgn(oly (@ o) +e” }E{ZZC (a»}- (15)
Defining 4(n) :anzn:cmk (w)and A, =7, —7,,, and writing y(n) as
i=1 k=1
20 =nCy(@) + 213 (1-1)C, (@) 16)
I=1
Ss(w) becomes

Se(@) = é{l— 2e 71" cos(uo - ylo| sgn(@)w (e, w)) +e T IE L} (17)

Recalling that the duration between | Poisson arrivals (A, ) is Gamma distributed and observing that it can take both
positive and negative values, its PDF can be written as (Gradshteyn and Ryzhik, 1994).
-2lA 1-1
f, (A)= 12% ,
! 2 (-

where 1 is the rate of the point Poisson process. Hence, its characteristic function C A (@) can be written as

C, (@) = ;H’l _ﬂjwjl +(/1 jjwﬂ’ (19)

C,, (@) =p' cos(lg), (20)

where g=tan™ (/1) and p= A . Substituting (19) in (16) and noticing that Co(w)=1,
VA2 +w?

(18)

lim 1-F(x)-F(-x)
X—>0l-F(X)+F(=x)
345

% For a given distribution F(x) skewness p is defined as



David Mufioz Rodriguez, et al.

n-1
2(N)=n+2> (n-1)p'cos(lp)- (21)
1=1
Since n is Poisson distributed, the expectation of x(n) can be expressed as
0 n-1 | ln .
E.{r(N}=2 |n+2) (n-1)p'cos(lg) P (22)
n=0 I=1 H

This expression can be reduced to equation (23) (Gradshteyn and Ryzhik, 1994)

2e* = (pA)" 0 1 .
E =1 -1¢] - =) =
L3 +1—2pcos¢+p2nz=:§ n! (peos(n=1)¢] - cos[ng]) 26¢ 1-2pcos¢g+ p psintg]
re 3 PO (psini(n -1 -sining) J }
n=0 .
(23)
Using the following relationships
z (/bO)E?S(W =¥ cos(Apsin @) » (24-a)
n=0 -
and
2*17(/1,0) rs]:n(ngzﬁ) =e™**?sin(Apsin @) (24-b)
n=0 .
which hold for |14 <1 (Mandelbrot, 1977), and after some algebraic reductions £ {(n)} can be simplified as
202 Aw? V5 o A Ao
E nN}=A1+—-2exp{- —-CO0S +—sin :
A7} * Pt A +a)2)[a)2 A+ w? o X +a)2} (25)
Hence, power-spectral density can be obtained by using (25) in (17).
Note that in order to guarantee the convergence of equations (24) 0l <1 and, since p =4 | the

V2 +o0°
convergence for o > 0 holds if 42 <1. Thus, the time scale can conveniently be normalized so that event points t; occur
at a rate of A'=1. This implies that & are scaled by a factor of 1/A. Thus, using property (6-b), parameters  and yin

(15) become, respectively, # and 7 while the stability index remains unchanged.
A A
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Fig. 1. Spectral- Power Density as Function of Call Activity Parameters
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Figure 1 shows on a normalized scale, the impact of the stability index on the spectral performance. Results reported
in the open literature vary widely. Results are presented by assuming a processing speed of 10Mbps and mean files size
of 30MB with a dispersion of 300MB. This does not preclude the existence of larger files. This leads to p and y in the
order of 30 and 300 msec respectively.

Figure 1(a) shows that the heavier the activity tail is (smaller o), the stronger the infrared catastrophe is*. Figures
1(b) and 1(c) show the impact of the mean file size (i) and the file size dispersion (y) on the spectral content, and it can
be observed that changes due to the variation of p are minor while the impact of the dispersion is significant. The impact
of the dispersion (y) in the low frequencies power content is more significant when the tail becomes heavier (smaller
alpha), as it can be seen in (d) compared to (c).

4 Effective Bandwidth of the Proposed Model

Effective bandwidth is a concept often used in traffic analysis in order to model the channel utilization or channel
availability. Shot noise modeling allows a natural representation of the workload (traffic load) in terms of the On-Off
activity (considering h(t) of equation (1) as a shifted rectangular function).

This section provides an effective bandwidth representation as a complementary technique for the analysis of the
shot noise model proposal depicted by Figure 2(a), where the parameters £ and ¢ represent the duration and

occurrence of the activity span respectively described in the model proposal.
The effective bandwidth of an on-off source model «(6,t) is defined by the effective bandwidth of its activity

period ¢, (0,t) as well as the proportion of time (p) spent in the active period. «(6,t)is given by the following
equation:

a(0,1) = é log[L+ p(exp(@te, (6, 1)) -] (26)

Effective bandwidth representation

In congruence with the Shot noise model, the effective bandwidth of the on state is one workload unit, since p is the
proportion of time spent in activity period, then , _ E{&}
E{r.}

Consequently, the equation (26) is simplified as follows:

a(0,t) = % Iog{l+g§§exp(9t —1)] (27)

7, are random variables (r.v.) with a exponential distribution, i.e., its PDF is given by 1e*, and the first moment of z;
is 1/4. & are totally (positively) skewed stable and self similar r.v. For the purpose of this work, equation (27) is valid

when the stability index of &, is within the interval [1,2). This section focuses on finite effective bandwidth and & has
a one-sided Laplace transform, meaning that it could not be used to obtain low order moments.

* The term infrared catastrophe term is used in fractal theory to refer to the high spectral content at low frequencies (Mandelbrot, 1999a;
Mandelbrot, 1999b).
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Workload Workload
units units

&

&i I
time - I—'time
e |<T—>|<—»|<—>

Inter-arrival time Inter-arrival time

(a) (b)
Fig. 2. Effective bandwidth of shot noise representation and equivalence

We recall that k —order moments , for heavy tail distributions, are unbounded for k > o (Zolotarev, 1986).
Moreover, the increments of a LFSM (Linear Fractional Stable Motion) present the LRD phenomenon whenH >1/«,
that is LRD whenl<a <2. This work focuses on WWW traffic characterized as LRD stable process, where this
process has finite mean. So, the effective bandwidth could be represented by numerical examples.

Effective bandwidth equivalent representation

Previous subsection presents the effective bandwidth representation of the line activity depicted by figure 2(a).
However, the line activity has an equivalent representation by figure 2(b), where the effective bandwidth of the on state,
is a Totally Skewed stable distributionS (1, x), instead of one workload unit as in figure 2(a). Consequently, the

proportion of time spent in activity period is p= 1.
E{r:}
Since X ~S_(r.1, 1), E{e”*} can be represented by the following equation (Harmantzis, 2003):

E{e *} = exp{-{cos(za/2)| " y“6°} 6>0 (28)

And taking t he Norros model to represent the input process X, , (t) of the cumulative traffic during the time

interval [0,t]. The generalization of the Norros model presenting LFSM instead of Fractional Stable Motion (FSM) is
described by the following equation:

X @=mt+kL, (), t>0, (29)
where m is the mean input rate, La’H (t) is the LFSM process, with ¢ and H as the stability and self-similarity index,

respectively. In this case, the effective bandwidth of a self-similar totally skewed LFSM source is given by (Harmantzis,
2003):
a,(0,t) =m—(cos mar [ 2) Ly kO M. (30)

Consequently, equation (26) for this equivalent representation is expressed as follows:
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1

E{Ti}

The effective bandwidth performance of the shot noise model is illustrated, for H=0.5 and A =1, in figure 3. Results
show the impact of the stability index on the effective bandwidth and it can be seen that the heavier the activity tail is,
the more resources must be reserved in order to full-fit the same QoS. Similar effect occurs when the location parameter
is increased.

Results also show that increment in the dispersion variation affect the effective bandwidth more significantly than
the variation on the stability index.

a(6,t) :%Iog[1+ (exp(@(m — (cos za 1 2) ™+ 7k Ot )) ~1)]. (31)

7=0.3 y=0.9, p=2

9=
Effective Effective
Bandwidth 8 Bandwadth
|

@ 1

(@ (b)

Fig. 3. The impact of a-stable parameters on Shot noise effective bandwidth

5 Concluding Remarks

Heavy-tailed phenomena appear in multiple WWW traffic-related problems. Because some distributions describing
these phenomena lack finite moments, their study demands alternative methodologies. The characteristic function is a
useful tool to deal with the addition of random variables, and in this paper the spectral performance of a line activity is
presented based on the a-stable representation of the Paretian random variables. The impact of different statistical
parameters such as location, dispersion, and stability index on the spectral content has been discussed. Concluding that
on heavier activity of the tail is heavier, the infrared catastrophe becomes stronger. Showing that, on heavier tail activity
the infrared catastrophe becomes stronger. Additionally, the impact of the mean file variation is minor while the impact
of the file size dispersion is significant on the spectral density. Furthermore, the impact of the dispersion in the low
frequencies power content is more significant when the tail becomes heavier. In particular, it has been shown that on/off
activity exhibits a 1/ f performance and that major changes in the spectral content are due to variation in the stability

index and/or on the dispersion parameter while the sensitivity to changes of the location parameter is minor.
Generalized shot-noise description is shown to be suitable for analysis of a variety of heavy-tailed phenomena.

An effective bandwidth estimation of the proposed model is presented. The model can be used as a tool to determine
the amount of network resources in order to satisfy the user requirements as a design mechanism. The impact of the a-
stable parameters in the effective bandwidth was studied. Moreover, the effective bandwidth analysis can be applied on
current networks to guarantee the quality of existing connections by the implementation of the admission control
mechanism.
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