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Abstract. Different partitions of the parameter space
of all linear semi-infinite programming problems with
a fixed compact set of indices and continuous right
and left hand side coefficients have been considered
in this paper. The optimization problems are classified
in a different manner, e.g., consistent and inconsistent,
solvable (with bounded optimal value and nonempty
optimal set), unsolvable (with bounded optimal value
and empty optimal set) and unbounded (with infinite
optimal value). The classification we propose generates
a partition of the parameter space, called second general
primal-dual partition. We characterize each cell of the
partition by means of necessary and sufficient, and
in some cases only necessary or sufficient conditions,
assuring that the pair of problems (primal and dual),
belongs to that cell. In addition, we show non emptiness
of each cell of the partition and with plenty of examples
we demonstrate that some of the conditions are only
necessary or sufficient. Finally, we investigate various
questions of stability of the presented partition.

Keywords. Linear semi-infinite programming, parameter
space of continuous problems, primal-dual partition,
stability properties.

1 Introduction

For a given infinite compact Hausdorff topological
space T and n € N, we associate with each
triple 7 = (a,b,¢) € 11 := C(T)™ x C(T) x R",
where C(T) is the Banach space of all continuous
functions over the compact 7', a continuous linear

semi-infinite programming problem:

P: min 'z,
IGR’H
s.t. ajx > by, t €T,

and its corresponding Haar’s dual problem:

D: max Y. Ay
Aer("  teT

s.t. S hap = ¢
teT

where R{") is the set of nonnegative functions X,
and A\ : T — R, such that \; # 0 for at most a
finite number of indices belonging to 7.

Among the recent applications of continuous
linear semi-infinite programming (LSIP), let us
mention that the primal problem P arises in
functional approximation [5, 6], finance [12],
Bayesian statistics [14], and the design of
telecommunications networks [4, 13, 16], whereas
the dual D has been used in robust Bayesian
analysis [3] and optimization under uncertainty [1].

We denote the feasible (optimal) set of P and D
by F (F*) and A (A*), respectively. In the space
of parameters II we consider the topology of the
uniform convergence generated by the following
extended distance: for given ¢ = (af,b?,c?) € 1I,
i = 1,2, the distance between 7! and =2 is:

d(rt, %) =

(- ().

:max{”cl — oo max
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By IZ, 11f,, 1§ and 175 ,, (U2, 1Y, 1IZ and
17 ;) we denote the sets of parameters providing
primal (dual) consistent, inconsistent, bounded,
(with finite optimal value), and unbounded, (with
unbounded optimal value) problem, respectively.

In ordinary linear programming (LP), if the primal
problem is solvable then the dual problem is also
solvable and the optimal values of both problems
coincide. In LSIP these properties fail in general.
The continuity property of 7 = (a, b, ¢) ensures nice
theoretical properties (e.g., in the duality context)
and has computational implications (for instance,
continuity guarantees the convergence of LSIP
discretization algorithms). In particular, Goberna,
Lopez, Todorov, Ochoa and Vera de Serio, among
others, have investigated conditions under which
the primal-dual pair in LSIP satisfies some of the
above mentioned properties (see [7, 10, 11, 15]).

In [11], Goberna and Todorov have considered
the consistency of the primal and dual problems,
and have presented a characterization of the sets
of the primal partition {117, II%, II/;}, the sets
of the dual partition {115, II1Z, 117, } and the sets
(or states) of the primal-dual partition, formed by
the intersections of the corresponding states of the
primal and dual partitions. The stability properties
of the different states have been studied, as well.

In [10], Goberna and Todorov divided the set
of parameters with bounded primal (dual) problem
I1% (I1B) into sets of parameters that have solvable
primal (dual), problem with bounded optimal set
Y (I1F) and a set of parameters that have
unsolvable primal (dual), problem or unbounded
optimal set I1%, (I1X). This generates what we call a
first general primal partition {I1f., 15, 1%, 117 .},
a first general dual partition {115, 1Y, TI¥ 117 .},
and a first general primal-dual partition. In the
same article, Goberna and Todorov characterized,
by means of necessary and sufficient conditions,
when a given parameter belongs to a certain state
of the above partitions.

They have also studied several topological and
stability properties of each cell of the partitions.
Later on, Ochoa and Vera de Serio reconsidered
the characterizations presented in [11], and
investigated the stability of the states in the general
case [15], i.e., without continuity properties of the
functions involved in LSIP problems.
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In this paper we present a more natural
primal-dual partition in continuous LSIP than the
one given in [10]. The new partition is generated by
dividing the set of bounded primal (dual) problems
5 (II2) in two: the set of parameters that
have solvable primal (dual) problem IIf (1I2),
and the set of parameters that have unsolvable
primal (dual) problem TIIZ (II2). Formally,
we consider the partitions {15, IIF 117 115 .}
(oL, i o2 1L51) of 11 from the primal (dual)
perspective, and the primal-dual {IIZ N 12 115 N
o2l no? 1l NPy of the set of parameters
with primal and dual bounded problems.

We have obtained some necessary and some
sufficient conditions showing that a certain
element of the space of parameters belongs to
certain subset generated by the second general
primal-dual partition. Intersecting the nonempty
pairs of the new general primal and dual partitions
we obtain the second general primal-dual partition.
By means of suitable examples we demonstrate
that each subset of the second general primal-dual
partition is nonempty. Only in a few cases we
have succeeded to find necessary and sufficient
conditions. If it is not the case, we provide
counterexamples showing that given conditions are
only necessary or sufficient. Finally, we investigate
several topological and stability properties of the
cells in the second general primal-dual partition.

This paper is organized as follows. In Section
2, we introduce the necessary notations, recall
the basic results on LSIP which are frequently
used throughout this article, and summarize
the conditions presented in [10] and [11] that
characterize the states of the primal-dual partition
and the first general primal-dual partition. Section
2.1 provides new conditions which are either
necessary of sufficient guaranteeing that a given
parameter belongs to a certain element of the
second general primal-dual partition. Finally, we
study some topological properties of the states of
the second general primal-dual partition in Section
2.1.1. More precisely, we prove that the interior of
certain cells is nonempty and provide some density
results.

The results of this paper are partially announced
without proofs in [2].
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2 Preliminaries

Let us introduce the necessary notations for this
paper. The symbol 0,, denotes the null-vector in
R™, the j-th element of the canonical basis of R" is
e;. Given a nonempty set X C R", conv.X and
cone X are the convex and the canonical hull of
X, respectively (cone@ = {0,}). If X is a convex
set, dim X (dim@ = —1) denotes its dimension.
From the topological side, if X is a subset of any
topological space, int X, cl X and bd X represent
the interior, the closure and the boundary of X,
respectively.

We recall some concepts and basic results on
LSIP, we shall use (all the proofs and references
can be found in [9] and [17]). We associate
with each triple = = (a,b, ¢) the first and second
moment cones of « :

M =cone {a; : t € T},

Nzcone{(at) :teT},
by

as well as its characteristic cone

K:cone{(g’f):teT; (071)}.

The Existence Theorem establishes that P is
consistent if and only if (0,,1)" ¢ cIN. In such
a case, the non-homogeneous Farkas Lemma
establishes that the inequality ¢’z > d holds for all
z € F,if and only if (¢,d) € clK. For the dual
problem, D is consistent if and only if ¢ € M.

When various triples are simultaneously consi-
dered, they and their associated feasible, optimal,
etc. sets will be distinguished by means of
superscripts or subscripts: ¢, P;, D;, F;, F¥, A,
A, M;, N;, K.

We denote by v7 () and v () the optimal value
of P and D, defining as usual:

and

P(r) = 4ooand v? (1) = —o0
respectively, when the corresponding problem is
inconsistent.

If we consider different primal-dual states of the
LSIP problems, since P and D can be either

inconsistent (/C), bounded (B), or unbounded
(UB), crossing both criteria, we get nine possible
duality states, which are reduced to six by
the Weak Duality Theorem: oP(w) < o (n).
The primal-dual partition is presented in Table 1
(according to the Duality Theorem, the duality
states 5 and 6 are impossible in LP [8], Proposition
4.2):

Table 1. Primal-dual partition

D\P | IC B UB
Ic I, I I,
B T, I,
UB I,
where II; = IIE NP, I, = If; n IIL,

I3 = 15 NIIE 5, Ty = TE, MR, T5 = 5 NTIE,,
and Il = 115, N IE.

The next Lemma describes the characterization
of the duality states I1;, i = 1,...,6 in terms of M,
N, and K. This characterization appears in [11].

Lemma 2.1. The following assertions hold:

(i) = € 11, ifand only if (0,,1)" ¢ cIN and c € M.
(i) = € Iy if and only if (0,,1) ¢ cIN and ({c} x
R)Necl N = 2.

(i) m € llg ifand only if {c} x R C K.

(iv)m € Il ifand only if (0,,,1) € ¢l N andc ¢ M.
(v)m e ls ifandonlyifc ¢ M, (0,,1) ¢ cIN and
({e} xR)NeclN # 2.

(vi) m € g if and only if (0,,1) € cIN, c € M
and {c} xR¢Z K.

Corollary 2.2. [[9], Corollary 9.3.1] Given a
consistent problem P in LSIP, the next statements
are equivalent.

(i) F* is nonempty and bounded;

(i) ¢ € int M.
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The next results are valid in continuous LSIP,
where the Slater Condition plays a crucial role.
Recall that = = (a,b,c) satisfies the Slater
Condition if there exists T € R™ such that a/z7 > by,
for all t € T. = satisfies the Slater Condition if and
only if = € int I1Z (This result can be found in [9]).

Theorem 2.3. [[9], Theorem 9.8] If P is a
consistent LSIP problem with consistent dual
problem D, then the next statements are
equivalent.

(i) A* is nonempty and bounded;

(i) = satisfies the Slater Condition.

We will use the next characterization of I15 and
s .

Lemma 2.4. [[10], Lemma 2.2]
(i) m € 1% ifand only if (%) ¢ cI N and ¢ € int M.
(i) = € I if and only if c € M and r satisfies the

Slater Condition.

If we consider the parameter space II, P
and D can be either consistent, inconsistent,
bounded or unbounded. Now, if in addition
to the boundedness we consider the solvability,
the bounded problems can be either solvable
with optimal set nonempty and bounded (S) or
unsolvable (N). In the latter case we include
the problems that have optimal set unbounded.
With this classification we obtain the first general
primal partition {IIf,,II%, 1§, 11/} and the first
general dual partition {T17,, 12, TIX, 175} of the
optimization problems space. Crossing both
partitions, we get the first general primal-dual
partition, which is presented in Table 2:

where II} = 0f nnf, 03 = 1§ n g,
113 = 11§, N1TIL and 14 = 1§, N TIR.

In [10], Goberna and Todorov showed that IT5 N
&, and If, N 11X are empty sets, for this reason
the corresponding boxes do not appear numbered.
The next Theorem confirms that IT}, i = 1,...,4 are
nonempty.

Theorem 2.5. [[10], Theorem 3.1] I} # &,
i=1, ..., 4
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Table 2. First general primal-dual partition

D\ P IC B UB
S N
e Iy 115 II,
S ml | 13
B
N I 2 | I
UB 15
The states I # @, i = 1, ..., 4, in continuous

LSIP, are characterized by Goberna and Todorov in
the next Theorem.

Theorem 2.6. [[10], Theorem 3.3]

(i) # € 11} if and only if ¢ € int M and = satisfies
the Slater Condition.

(i) = € 113 if and only if (°7) ¢ cIN, ¢ € int M and
m does not satisfy the Slater Condition.

(iii) = € 113 if and only if c € M \ int M and =
satisfies the Slater Condition.

(iv) m € I ifand only if (°7) & cIN, ¢ € M \ int M
and © does not satisfy the Slater Condition.

2.1 Second Refined Primal-dual Partition

In this section we present a refinement of Table
1, different to the refinement of Goberna and
Todorov, presented in Table 2. To do this, we
separate the parameter set with bounded primal
problem IIZ, into two parameter sets. The first
one, with solvable primal problem IIZ and the
other with unsolvable primal problem II7. The
same classification is made with respect to the
dual problem. Having in mind the new notations,
we get the second general primal partition
{0t 1P 11 115 5} and the second general dual
partition {II5., 112, 12 TIP,} of the parameter
space. Crossing both partitions we obtain the
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second general primal-dual partition. The possible
duality states in continuous linear optimization are
enumerated in Table 3:

Table 3. Possible duality states in continuous linear
optimization

D\ P Ic B UB
S n
IC I, ITERRTE I,
s I}
B
UB I,
where [T} = IP NP, 112 = 1P N2, 113 = 1P n
P, 114 = Hfjmn,?, H1 HPmHIC, H2 HPmH,C,
I} =1t NP and 112 = £, N 112,

Lemma 2.7. 11! D 11} and IT# ¢ IT4.

Theorem 2.8. Let # € 1II with primal and
dual problems be consistent and bounded. The
following assertions are true:

(i) If c € int M and w satisfies Slater Condition, then
7 elll;

(i) If = € 112, then = does not satisfy the Slater
Condition;

(iii) If = € 113, then ¢ € M\ int M ;

(iv) If = € T4, then ¢ € M \ int M and = does not
satisfy the Slater Condition.

Proof. i) Suppose that ¢ € int M and = satisfies the
Slater Condition. First, if ¢ € int M, then F* # &
and F* is bounded [Corollary 2.2]. On the other
hand, if = satisfies the Slater Condition, then A* #
@ and A* is bounded [Theorem 2.3]. Therefore, if
¢ € int M and 7 satisfies the Slater Condition, then
me Hl

ii) If 7 € II2, then A* = @, by Theorem 2.3
does not satisfy the Slater condition.

iii) If = € II3, then F* = &, by Corollary 2.2 ¢ ¢
int M, in addition from hypothesis ¢ € M. So, we
conclude that ¢ € M \ int M.

iv) If # € 114, then F* = @ and A* = o this
implies ¢ € M \ int M and 7 does not satisfy the
Slater Condition. O

With the following examples, we show that
the above conditions, are only sufficient or
necessary, respectively. The examples also show
that 1Y # @ for i = 1,2,3,4, which justifies the
previous partition and Theorem In ordrnary linear
programming we have 112 = I3 = [I¢ = g,
according to the Duality Theorem (18], Theorem
4.4)].

In the Example 2.9, n! € ﬁ% and =! does not
satisfy the Slater Condition, while in the Example
2.10, 7* does not satisfy the Slater Condition and
72 ¢ I12. This shows that the condition (ii), stated
in Theorem 2.8, is not a sufficient one.

Example 2.9. Consider the optimization problem

in R2
P min xo
rz€R2
st @y +rre > —r? re|0,1],
—x1 + 812 > —s%, s €[0,1].
Ifr = 0 = s, then zy > 0 and —x;1 > 0,
we conclude that ©1 = 0. Now, as z; = 0,
2

ifr, s € (0, 1] then rog > —1r? y sxy > —s
ie., xg > —r yxy > —s, it follows that xo > 0.
Therefore:

F1:{<;) €R2:$QZO}, ’UP(7T1)=O,
2

and Fy = {(J)}. AsdimF, =1, F; C R? and 7!
is continuous, we have that ' does not satisfy the
Slater Condition. In Figure 1, we show F:

The dual problem of Py is:

Dy : ma}({)yll)( Z —\r? 4 Z —YsS )7

(I
A, vERY refo, 1] s€0, 1]
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o -

Fig. 1. Feasible set of P,
s.t. Z A

20 2 0)=0)

s€l0, 1]
which is equ:va/ent to:

_<)\ 'yeR([O 1”( Z At Z ks ))’

relo, 1] s€0, 1]
s.t. Z A

03 0)=0)

Z)\T—FZ%

vy = {
6, 1)
A, VeR relo, 1]

If:

)

s€[0, 1]
—1 0
40 2+ (0)-0)
relo, 1] s€l0, 1]
we have 0 < wv;. Now, if t, € (0, 1], then
9° = (\%;40) is in Ay, if and only if:
1 -1 0
0 0 _
() +4() = ()
where \) = ~p and \) = 0 = ~? for all
r, s € [0,1]\ {to}. le, X}, has to satisfy the
equality:

1= XY to+ AL to

So, we conclude thatd’ € Ai, if and only if

Xp, = 5= Then:
t2
< /\0 2 0 = tn.
u1 Z e+ Z 79 2t0 Qto 0
relo, 1] s€lo, 1]

(1)
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If ty approaches to zero in (1), we have
vy < 0. Therefore vP(x') = 0. On
the other hand, vD( Y = o0, if and only if
A2 = 0 = Ngs?, for all (r,s) € [0,1] x [0,1].
Then, the on/y pOSSIb/e opt/mal solutions have
the form @ = (\';~1), where A58 € Ry and
AL =0 =4l forallr, s € (0,1], but §' ¢ A4,

because:
1 -1 0
1 1 _
40)+(0) = ()
= @. All these show

is impossible. Therefore A}
that =t € 112 and 113 # @.

Example 2.10. We consider, the following pro-
blem:

Py min xo
Tz ER2

sit. 1 >0,
—I Z 07
T Z 0.

In Figure 2, we show the feasible set of Ps.

Fig. 2. Feasible set of P>

We observe that P, is consistent, vF’(n?) = 0 and
Fy = {()}. In addition, as dimF, = 1 and
F, C R2, we have that > does not satisfy the
Slater Condition.

The dual problem of P, is:
Do : )\1,&1;733\}; ()\10 + A0 + )\30)

s.t. )\1()+/\2( N+ xs(0) = ().



ISSN 2007-9737

Solvability and Primal-dual Partitions of the Space of Continuous Linear Semi-infinite Optimization Problems 321

From the problem it follows that v (72?) = 0. Now,
A= (A1, A2, A3) With A\, X, A3 > 0isin Ay = A3, if
and only if:

1 -1 0 0
(o) +2(0) ()= ()
ie., 0= XA —Xyandl = A3, orequivalently \y = X,
and1 = \s;. Then:

Ay = A5 ={(A;, M\, 1) €R® : A >0}
Therefore, 72 ¢ 112,

In the Example 2.1, 73 € II3 and ¢ € M; \
int M3. While, in the Example 2.12, =* ¢ II$ and
c* € My\int My. This shows that the condition (iii),
stated in Theorem 2.8, is not a sufficient condition.

Example 2.11. Consider in R? the problem:

Ps : min 1,
z€ER?
st xy + 2w > 2t, t €10,1].

In Figure 3, we show the feasible set of Ps:

Fig. 3. Feasible set of Ps

= satisfies the Slater Condition and (3) is a Slater
point. In fact1 +t> > t for all t € [0,1] if and only if
2+ 2t2 > 2t for allt € [0,1], so, P is consistent. In
Figure 3, we observe that v (r3) = 0 but F} = 2,
i.e., P3 is not solvable. Moreover, in Figure 4, we
show that ¢3 € M3 \ int Mj.

Fig. 4. First moment cone of Ps

The dual problem of Ps is:

D3 : At2t,

max
AeR{M te0,1]

st 2 n(E) =)

te(0,1]
The function ) € RV defined as:

1, ift=0,
)\t =
0, ifte(0,1],

is a feasible solution for the problem Dj with
vP(m3) = 0. It follows that Dz is solvable.
Therefore, 73 € 113 and 113 # @.

Example 2.12. The primal problem Py is formula-
ted as follows:

Py : min x1,
T ER?

stz + 2w >0, t € [0,1].

In Figure 5, we show the feasible set of P;.

Since ©* satisfies the Slater Condition, then P, is
consistent. We observe that vf (7*) = 0 and F} =
{0} x R*, therefore P, is solvable. On the other
hand, as in the above example, ¢* € My \ int M.

The dual problem of Py is now:

D Aerﬂgﬂ?&(”) te[0,1]
st. > )\t(tlz) = ((1))

te[0,1]

A0,
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2\\\\

L

Fig. 5. Feasible set of P,

Again, we have that the function A € Rﬂo’”) defined
as:
1, ift=0,
At =
0, ifte(0,1],

is a feasible solution of the problem D, with
vP (%) = 0. Thus, we conclude that D, is solvable.

Observation 2.13. With the previous example we
also show that 11} # @. In the same example
7 ¢ II! and ¢* ¢ int M. On the other hand,
in the Example 2.10 > € TI! and =2 does not
satisfy the Slater Condition. This means that both
¢ € intM and the Slater Condition are not
necessary conditions for r € 11}.

In the next Example 2.14, ©° € 114, ¢® € M5\
int M5 and 7° does not satisfy the Slater Condition.
Later on, in the Example 2.15, #¢ € I}, °r) ¢
cl Ng, c® € Mg \ int Mg and 7° does not satisfy
Slater Condition. This shows two things. First
the condition (i) in Theorem 2.8 is not a necessary
condition, and second the condition (iv), stated in
Theorem 2.8, is not a sufficient one.

Example 2.14. Consider in R? the primal problem,
with o« > 0:

P min (z1 + axs),
T€R3
sit. xp + 2wy > 2t, t €]0,1],
ST3 2 _SQa [ ) ]7
—raz > — € [0,1].

If s, r € (0,1] then x5 > —s and x5 < r, which
means that x5 = 0. So, dim F5 < 2. We can look

Computacion y Sistemas, Vol. 22, No. 2, 2018, pp. 315-329
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at Fy in R2, as the feasible set of P;. Therefore,
vP(75) = 0 and Fz = @. In addition, as dim F5 = 2
and F5 C R?, we have that > does not satisfy the
Slater condition. On the other hand, ¢ € Ms \
int M. In fact:

1 1 0
0 =1{ 0 |+al O |,
a 0 1

and, for all e > 0:

1
_§ ¢M57
o
and
1 1
|| 0 |- -5 =_-<e
« o

Therefore, ¢ € M \ int M.
The dual problem of Ps is:

Ds:  max ( SN2+ Y Bs(—sH) +

XB.eR™ N tefo,1] s€[0,1]
> (= 2))
re(0,1]
0
st > N tQ + 3 Bs| 0 |+
te[0,1] s€[0,1] s
0 1
Z Vr 0 - 0
re(0,1] a

This is equivalent to:

—( min (— ( > )\t2t> + > Bss*+
A8, 'yeR( 1 te[0,1] 5€[0,1]
Z ’Y’I“ ’
ref0,1]
0
t€[0,1] ] s
0 1
Yr 0 =
rE[O,l] Qa
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From the above equality system, we have that:
1\ _ > 1Y where \ € RO
o) ‘\#2 o

te(0,1]
The only solution of the equation above is
A0 e R with A = 1 and X0 = 0, forallt € (0, 1.
Then, feasible points of D5 have the form:

0= (X\%B;7),

where 3,y € RI™'). If we evaluate the objective
function of the last problem at the points that have
the above form, the problem will be reduced to:

)

Soyr=a.

rel0,1]

— | min ([0,1]) Z ,8,32—"- Z ’y.r2
( PryeRy (se[o,l] ’ '

re(0,1]

s.t. > Bss—

s€[0,1]

From (2) it follows that:

U5 = BeR(LH{ZﬁSS—’_Z%”

s€[0,1] re(0,1]
Y. Bss— X wr=a } > 0.
s€[0,1] rel0,1] -

Note that for each i € (0,1]:
6 := (8%4"),
where 8°,7° € RI™, g0 — a 50 — ¢ for all

s € [0,1] \ {i} andv =0 for all r € [0,1], is
a feasible point of (2). Moreover, if we evaluate

S Bss2+ Y. 4r?in6°, we have that:
s€[0,1] rel0,1]
v5<2ﬂ052+27r—az (3)
s€[0,1] r€[0,1]

Ifi — 0 in (3), we have that vs < 0. Therefore
vP (7%) = 0. On the other hand, if a feasible point of
the problem Dy, is an optimal solution, the objective
function evaluated at this point must satisfy:

Z Bs8 + Z yr? = 0.

s€[0,1] rel0,1]

Then, the possible optimal solutions of problem Ds
have the following form: 7’ = (X% BL:41), where
X0, 8L 4t e RICW N0 — 1,00 = 0 forall t < (0, 1],
B € Ry, Bl =0 foralls € (0,1], v¢ € Ry and
vt =0 forallr € (0,1]. But 9’ ¢ As, because
it implies o = 0, which is a contradiction with the
hypothesis a > 0. Therefore, A} = @

Example 2.15. Consider the following problem in:
RQ
Fs min x1,
z€R?

s.t. x1 >0,
*zlzoa
.’EQZO

The feasible set of P is the same as the feasible
set of the Example 2.10. Then v* (%) = 0 and
F} = {0} x R4 in addition, since dim Fg = 1 and
Fs C R?, we have that n% does not satisfy the
Slater Condition. On the other hand, in Figure 6,
we show that ¢ € Mg \ int M.

Fig. 6. First moment cone of Ps

The dual problem of Py is:

Dg : max (/\10 + A0 + )\30),
)\1’)\27%320 1 1 0
st (o) = Mlo) +22(0) +As ()

From the problem it follows that, v? (7%) = 0. Now:

— )\1
>\_< »
A3

if and only if:
1 1 -1 0
(o) =1 (o) +2+(a ) +(3)
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ie., 1 = A\ — Xy and 0 = )3, or equivalently,
A =14 X and A3 = 0. Then:

14 A2
AGZAZ:{< Ao >€R32)\2>0},
0

which implies that A}, # . Therefore, = ¢ TI%.

Remember that in the first refined primal-dual
partition, the sets IIf n IIP, and 1%, N If
are empty. However, we will show that the sets
e N1k, =11k and 1Y, N 112 = 11}, in the second
general primal-dual partition, are nonempty. We
shall present some necessary conditions for the
fact that a given parameter = belongs to the state
12 = IIF Nn1TIE, and 112 = 115, N IIZ, respectively.
Using also the definitions of the states, we shall
characterize the cells II} and II{.

Proposition 2.16. = ¢ I1L, ifand only ifc ¢ M and
F* is not bounded.

Proof. Suppose that = € IIt and ¢ € M or F* is
bounded. First, if c € M, we have the contradiction
A # 2. Second, if F* is bounded, then 7 € 11§ N
17, and again we get to a contradiction. On the
other hand, if ¢ ¢ M and F* is not bounded, then
A = @ and F* # @. Therefore, = € TI1. O

Now, ﬁj) C II5 for i = 1,2. Then, for the Lemma
2.1:

c¢ M, (0,,1) ¢ cIN and ({c} x R)NclN # @

, is a necessary condition for = belongs to ﬁg for
1 = 1,2, respectively.

Proposition 2.17. = € II}, ifand only if (%) € cI N
and A* is not bounded.

Proof. Suppose that 7= € II} and (%) ¢ cIN or
A* is bounded. First, if (°) ¢ clN, we have the
contradiction F' # @. Second, if A* is bounded,
then = € IIF, N IIY and also we get again to a
contradiction. On the other hand, if (%) € cIN
and A* is not bounded, then F' = @ and A* # ©.

Therefore, m € ﬁé. O
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Again, I, C IIg for i = 1,2. Then, by the Lemma
2.1:

(0n,1)" € cIN, ce M and {c¢} xR¢Z K

, is @ necessary condition for = belongs to ﬁg for
i = 1,2, respectively.

With the following examples, we will show that
the conditions (v) and (vi), presented in Lemma
2.1, are only necessary. We will also show that
in continuous LSIP H;'- #@fori=1,2and j = 5,6.
However, in ordinary linear programming all these
sets are empty [[8], Proposition 4.2].

Example 2.18. Consider, in R?, the optimization
problem:

P min o,
Tz €R2

sit. t2x +taog >t, t€[0,1].

The feasible set of P; is presented in the Figure 7.

Fig. 7. Feasible set of P;

Figure 7, shows that P; is consistent and bounded,
with an optimal value v*(z7) = 1, and an optimal
set:

Fr = {<x1> eR?: 2y >0andxs = 1}.
)

From the previous equality it follows that F; is
unbounded. The cone M-, of Py, is shown in the
Figure 8.

As c” = (1), we have that ¢” € cl M\ My, then the
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Fig. 8. First moment cone of P

dual problem D~ is inconsistent. We conclude that
n’ €11}, therefore 11} + &.

Example 2.19. Consider now, the next problem in:
R2:

Py min xq,
zER2

st try + a9 > 12, t € [0,1].

The feasible set of Py is shown in the Figure 9.

B

H
......

Fig. 9. Feasible set of Ps

Figure 9, shows that Ps is consistent and bounded,
with optimal value v* (7®) = 0, however F* = &,
i.e., Py is unsolvable. The cone Mg of Pg, is
presented in the Figure 10:

As & = (}), we have that ¢® € clMs \ Ms,
whereby the dual problem Ds is inconsistent. So,
we observe that g € 112, therefore 112 # &.

Fig. 10. First moment cone of P

Observation 2.20. In the Example 2.19, ¢® ¢ My,
(0n,1)" ¢ clNg (Ps is consistent), also ({c®} x
R) N clNs # @ (Ps is bounded), but =8 ¢ TIL. It
shows that ¢ ¢ M, (0,,1) ¢ cIN and ({c} xR)N
cIN # @ is not a sufficient condition for = € ﬁ}).
On the other hand, in the Example 2.18, ¢" ¢ M,
(0,,1)" ¢ clNy, and ({c"} x R)NclN; # @, but
77 ¢ I12. It shows that ¢ ¢ M, (0,,1) ¢ cIN and
({c} xR)Ncl N # @ is not a sufficient condition for

m €112, as well.

Example 2.21. We now study the following
problem in R?:

Py min x1,
z€ER?
sit. mp +t2x > 2t, t € [0,1],
—xlz(l

We observe that for each ¢ € (0,1]:

(s )0 )-(1) e

is an element of Ny. Ift — 0 in (4), we have that
(02,1) € cl Ng. Therefore Py is inconsistent.

=Nl O

The dual problem of Py is:

Dy : max S A2t
AeR(™MW yeR, te0,1]

st 2 M(E) () = (0).

te(0,1]
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we have that 0 = (\°;~), where v € R, and
A0 e RO defined as:

14+, ift=0,
A?::

0, ift € (0, 1],

is a feasible point of Dy. Then v (7°) = 0 and A*
is unbounded. This means that ° € 11}. Therefore
I # @.

Example 2.22. Consider, in R?, the following

problem:
Pl() : min o,
z€R2
st t?m >t, t€0,1]
sre > —s2, s €0,1],

We observed that for eacht € (0,1]:

()

is an element of Nyy. Ift — 0 in (5), we observe
that (02,1) € cl N1g. Therefore, Pyg is inconsistent.
The dual problem of Py is:
max < oo Mttt Y vs(—s ))7
A, yeRr{® 1D tEO 1] s€0, 1]
st = a()+ X @)=

te(o, 1] s€(0, 1]

D10 .

From the system above, we have that:

0= > Mt*con)e R

t€[0,1]
whose solutions have the form \° ¢ R with
A) € Ry and \) = 0 for allt € (0,1]. Then, the

feasible points of (D) look like:
10 = ()\0; 7);

where v € R(“". If we evaluate the objective
function of the dual problem in points that have the
above form, the problem is reduced to:

max - > ys(=s%),
~er{” W se(o, 1]

s.t. Z VsS = ]-7
s€lo0, 1]
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which is equivalent to:

- m n Z ’78827

[0, 1)

veR{ s€lo, 1]
st. Y ves=1
s€0, 1]

we have that:

>

min s
cr([0: 1) { e
TERY s€lo0, 1]

Now, if sy € (0, 1], then~° € Rﬂ

> =1,

s€lo, 1]

V10 :—

Z 75521}20.

s€lo0, 1]

0. 1) satisfies:

where 70, = - and~? = 0 for all s € [0,1] \ {s0}
Hence:

1
v < Z 70s? = 8—3(2) = $9. (6)
selo, 1] 0

Therefore,
) =0, if

If so — 0 in (6), we have vy < 0.
vP(71%) = 0. On the other hand, v? (70
and only if:

Z /\?t: Z ’yssz,

tel0,1] s€[0,1]

for a”alo = (AO; ")/) € Alo,

bUt, ifglo S Alo,
0= > At
t€(0,1]
it follows that:

0= > 7.s®forallfiy = (A% 7) € Ao.
s€[0,1]

So, the possible optimal solutions of Dy, have

the form By, = (\’:~), where X°,7" € R{> ",
Amo eRyand\) =0=~!forallt, s e ©0.1]. If

910 E Alo, then.

(1) =) +()

which is impossible. Therefore, 5(1)0 ¢ A1o, whereby
A%, = @. So, we conclude that ='° € 11, and thus
112 # 2.
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Observation 2.23. We see in Example 2.22 that
(0,,1) € cl Ny (Pyo is inconsistent), c'© € My
010 = (A% 1°) € Ao, i.e, Dy is consistent) and
{9} xR & Ko (vP(m10) = 0, i.e, D1 is bounded),
but 70 ¢ TIL. This shows that (0,,1) € cIN,
¢ € M and{c} xR ¢ K is not a sufficient condition
form € ﬁé. On the other hand, in the Example
2.21,(0,,1) € ¢l Ny, ¢? € Mg and {c°} xR € Ko,
but 7 ¢ TI2. It demonstrates that (0,,,1) € cIN,
¢ € M and{c} xR ¢ K is not a sufficient condition
for the following statement € ﬁg.

2.1.1 Some Topological Properties of the Sets
Generated by the Second General
Primal-dual Partition

In [11], Goberna and Todorov presented the
characterization of the interior of the sets II,, II3
and I14. They also studied the density properties
and the interior of these and other sets of the first
general primal-dual partition. In this section, we
shall study some topologlcal properties of the sets
I3, 112, T13, T04, H5, 12, 11 and H2 In particular, we
investigate the interior and some denS|ty properties
of the mentioned sets of the new second general
primal-dual partition.

Theorem 2.24. II! is dense in I1; .

Proof. Since IT! C TI! and I1! is dense in II; [[10],
Theorem 3.3], hence I1} is dense in II;.
O

Theorem 2.25. The sets 1I¢, i = 1,2,3,4 are
neither closed nor open.

Proof. Since these sets are cones with the null
triplet belonging to 11}, only I} could be closed:

11! is not closed. In fact, consider the sequence
{z"} in I}, where 7" := (e, 1, ¢1), obviously:

711{207(- = (0n7 1, el)a

but (0,.,1, e1) € I. Therefore, I1} is not closed.

11! is not open. Indeed, consider 7 := (0,,0,0,)
in II1. Let r > 0, we define 7" := (0,0, 5ey). It

is easy to see that, for all » > 0, 7" € II; and
d(m,7") = & < r. This implies that II} is not open.

We shall prove that the sets ﬁ’i, 1= 2,3,4 are
not open. Since ﬁi C II,, then int fP' C int Iy, but
int II; = IIj [[10], Theorem 2], as H1 C Hl, so it
follows that int I1i c II!. However II¢ N II!
and, the above inclusion is only possible if int H2 =
@. Since IIi # o it follows that II is not open for
every i = 2,3,4. O

Corollary 2.26. intIIi, i = 2,3,4 are empty.
Theorem 2.27. intII! +# .

Proof. Since IT} C 11! then int IT} C int 1L
but:

int [T} = II7,
and:
I} # @ [Theorem 2.5],
we conclude that int I} # . O

Theorem 2.28. intIT! is dense inTI;.
Proof. Since IT} C TI} 11, then:
int [T} C int ﬁ% C intII4,

it follows:

int IT} C int ﬁ} C int I1;.
As intIT} is dense on II; [[10], Theorem 3.3] and

intII; is dense on II; [[11], Theorem 2], we have

that int ﬁ} = II;. Therefore, int ﬁ% is dense in II;.
O

Theorem 2.29. int I} = IT!.

Proof. Since IIi is open [[10], Theorem 3.3],
it follows I} C intII}. We will only show that
intII! \ ! = 2. Suppose the contrary, i.e.,
int IT! N (IT}) # @. Then, there exists 7 € int 11,
such that = ¢ T1}, so it follows that ¢ ¢ int M or
m does not satisfy the Slater Condition [Theorem
2.6].
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First, ¢ ¢ int M implies that ¢ € M \ int M
because, by hypothesis 7 € int I1}, but:

In addition, ¢ ¢ int M implies M # R™. From
the above two implications, we conclude that, there
exists a sequence {c"} from R™ \ M such that:

lim ¢" =ec.

r—00
We define 7" := (a, b, ¢"). The sequence {#"} isin
17, and satisfies:

lim 7" = 7.

r—00
This is a contradiction, because, by hypothesis, = €
int I1}.

Second, if m does not satisfy the Slater
Condition, then = ¢ intIIZ. Now, by hypothesis
7 € intII!, we have 7 € 1E. So, if = does not
satisfy the Slater Condition and the hypothesis is
true, m € bd I1£. Therefore there exists a sequence
{="} on II%, such that:

lim " = m.
r—00

This is a contradiction, because 7 € int ﬁ}.

It follows that intTI! \ I! = &, or equivalently
int TI! = TIL. O

Observation 2.30. Since int1l; = @ andint [1g =
@ [[11], Theorem 2], we conclude that int T} = @
fori=1,2andj=5,6.

We have proved that all parameters in II; can
be approached by parameters in ﬁ%. In addition,
we have shown that the sets II!, 112, II3 and II%
are neither closed nor open, and that the interior
of the sets 112, II? and 14 are empty. The
characterization of int 1! follows from the equality
int II! = IT! which was also proved in this section.
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3 Conclusion and Future Work

To conclude, we would like to mention that
the lack of necessary and sufficient conditions,
characterizing the majority of the states of the
second general primal-dual partition has, in some
sense, its justification. Namely, there are
no necessary and sufficient conditions for the
solvability, neither for the primal nor for the dual
linear semi-infinite optimization problems. On
the contrary, for the solvability, considered in the
first general primal-dual partition, the conditions
could be found in lemma 2.4. Anyway, finding
such necessary and sufficient conditions is still a
challenging problem. Another open question is
how will apply the developed theory in this article
removing the continuity in the LSIP.

Acknowledgements

The authors are grateful to the referees and
the editor for their constructive comments and
helpful suggestions which have contributed to the
final preparation of the paper. This research
was supported by CONACYT, Mexico, Sistema
Nacional de Investigadores, Mexico, and partially
supported by MINECO of Spain and ERDF of EU,
Grant MTM2014-59179-C2-1-P.

References

1. Amaya, J. & GOmez, J. A. (2001). Strong duality for
inexact linear programming problems. Optimization,
Vol. 49, pp. 243-269.

2. Barragan, A. B., Hernandez, L. A., & Todorov,
M. I. (2016). New primal-dual partition of the
space of linear semi-infinite continuous optimization
problems. Comptes rendus, Vol. 69, pp. 1263—1274.

3. Betro, B. & Guglielmi, A. (2000). Methods for
global prior robustness under generalized moment
conditions. Rios, D. & Ruggeri, F., editors,
Robust Bayesian Analysis, Springer-Verlag, N.Y,
pp. 273-293.

4. Dahl, M., Claesson, |., Nordebo, S., & Nordholm,
S. (2001). Chebyshev optimization of circular arrays.
Yang, X. et al., editors, Optimization Methods and
Applications, Kluwer, Dordrecht, pp. 309-319.



10.

11.

12.

ISSN 2007-9737

Solvability and Primal-dual Partitions of the Space of Continuous Linear Semi-infinite Optimization Problems 329

. Dolgin, Y. & Zeheb, E. (2004). Model reduction of

uncertain FIR discrete-time systems. IEEE Trans.
Circuits and Systems, Vol. 51, pp. 406—411.

. Dolgin, Y. & Zeheb, E. (2005). Model reduction

of uncertain systems retaining the uncertainty
structure. Systems and Control Letters, Vol. 54,
pp. 771-779.

. Duer, M., Jargalsaikhan, B., & Still, G. (2018).

Genericity results in linear conic programming
— a tour dhorizon. Mathematics of Operations
Research, Vol. to appear.

. Goberna, M. A., Jornet, V., & Puente, R. (2004).

Optimizacion Lineal. Teoria, Métodos y Modelos. Mc
Graw Hill, Madrid.

. Goberna, M. A. & Ldépez, M. (1998). Linear Semi-

infinite Optimization. Wiley, Chichester.

Goberna, M. A. & Todorov, M. I. (2008).
Generic Primal-dual solvability in continuous linear
semi-infinite optimization. Optimization, Vol. 57,
pp. 239-248.

Goberna, M. A. & Todorov, M. . (2009).
Primal-dual stability in continuous linear optimi-
zation. Mathematical Programming, Vol. 116B,
pp. 129-147.

Kortanek, K. O. & Medvedev, V. G. (2001). Building
and Using Dynamic Interest Rate Models, J. Wiley,
Chichester.

13. Nordholm, S., Nordberg, J., Claesson, I, &
Nordebo, S. (2001). Beamforming and interference
cancellation for capacity gain in mobile networks.
Ann. Oper. Res, Vol. 98, pp. 235-253.

14. Noubiap, R. F. & Seidel, W. (2001). An algorithm for
calculating Gamma-minimax decision rules under
generalized moment conditions. Ann. Stat, Vol. 29,
pp. 1094—1116.

15. Ochoa, P. D. & Vera de Serio, V. N. (2012). Stability
of the primal-dual partition in linear semi-infinite
programming. Optimization, Vol. 61, pp. 1449—-1465.

16. Sabharwal, A., Avidor, D., & Potter, L. (2000).
Sector beam synthesis for cellular systems using
phased antenna arrays. IEEE Trans. on Vehicular
Tech, Vol. 49, pp. 1784—1792.

17. Todorov, M. I. (2010). Linear Inequality Systems:
Qualitative Stability and New Concepts of Active
Constraints, volume 54 of Monografias del IMCA.
Hozlo, S.R.L.

Article received on 30/01/2017; accepted on 21/04/2017.
Corresponding author is Abraham Barragan.

Computacion y Sistemas, Vol. 22, No. 2, 2018, pp. 315-329
doi: 10.13053/CyS-22-2-2943



