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Abstract

It iz atvongly admsable that marapulalors mosl be able
fo operafe inlo smgular regons. A smgnilarily ooeurs
when the end-effector of o manipulator loses, al leasd,
ane freedom and conseguently cannot perform an arbi-
frary p.'.n:ﬂ.'r:md Lask milo the tu'il:l.l'.'.'ir,ﬁ'dcd‘ In this coniri-
bubion, given a serial manipulator al o singuler config-
wration, a computer provedure bo bmnsform a sngulor
configuralion ints a non-smgular configuralion one i
tidroduced. The Lie product —a fandamental operatien
of the Lie algebra, e{3) — plags a cenbrad role m the pro-
posed method, Fmally, o numerical erampls s prowded
Keywords: Lie algebra, Lie product, Singular configu-
ration, Velocity state, Kinemalics.

Resumen

Ex altamente recomendable ol gue los manipeladores sean
caopaces de operar dentro de regiones singulores.  [na
singqularidad ocurre cuando el drgone lerminal de un
mandpulader pierde, ceondo menes, un grade 4o Gberiad
y consecueniements no puede erecutor una farea arbi-
traria planificadn deniro del espacie de trabajo. En esin
conbribecicn, dodo un mampulader serial en una congfi-
quracidin singular, se deseribe un procedimiento de com-
putadorn poru transformar una configuracudn sngulcr
en una no smgular. B producte de Lie — una operacidn
Jundamental del digebra de lde, e{8) — desempenio un
papel centrol en el métode propusste.  Finalmente, se
propeteiona un efemplo numérico.

Palabras Clave; Algehra de Lie, Producto de Lie,
Configuracién singular, Estado do velocidad, Cinemitica

= whom correspondence shosld bo addnosed,

1 W[

1 Introduction

Assume that o serinl manipulabor, herenfber manipula-
tor for beevily, is at a singular configuration; then, thera
is ol least one loas of freedom and, in osder to aatisly
a planmned task, the end-effector cannot hewve an arbi-
brary velocity state in the singular configuration, More-
aver, the reverse velocity analysis solution has either
extremely or infinite values of actuator velocities, and
the manipulstor has poor dexterity. These drawbacks
affect the 'Fu::rﬁ'lrmnnl::e ol the :nmipulalul, howaver it
might be still controllable.

Severnl procedures o' maneuver manipulators in sin-
gular regions have been reported in the litorature. AL
a singular configuration i€ s possible Lo overcoamse it
Iy awitching, without mecting the singularity, one re-
lated eonfiguration to another {Innocenti and Parenti-
Castelli, 1098, Tf the singular configuration is inevitable,
the Inst of motion can be recovered by isolating and ac-
tunting the screw or serews responsible for the singu-
larity {Hunt, 1986}, or by sclecting a feasible trajectory
that pass through the singularity {Chevallerean, 1966),

It is straiphtforward to demonstrate that isolabing
and actuating the screw or screws responsible of a sin-
pular eonfiguration can quickly eliminate or estape the
singtlaclty. As far as the authors are aware, the frst
romprehensive study dealing with this oplion, namely
the escapement from singularities, is due to Hunt (1966)
who used the matrix of cofactors of the Jacobian matrix
and the theory of screw systems Lo determine both the
singularity amd Lhe screw or actews responsible for such
gingularity, However, the method proposed by Hunt is
applicable only to non-redundant manipulators and, in
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addition, has serious limitations when the end-efector
loses more than one fresdom,

Recently, the application of the Lie algebra — & dis-
tributive, anticommutative and non-associative algebra
that satisfies the Jacobi identity — which is isomorphic
to screw theory also ealled motor algebra [Sugimoto,
1990) to the study of higher singularities, with more
than one loss of freedom, of manipulators, has provided
an advance in the subject such as the charaeterization
of singular configurations, (Karger, 1996),

It is interesting to say that, while some topics such
a8 the analysis and characterization of singularities of
manipilators have received and appreciable amount of
contributlons, see for instance Litvin et al [1986), Ki-
offer {1990, 1992), Narasimhan and Kumas (1884}, in
contrast there are few conbributions dealing with the
escaperment from singular confgurations,

In this eontribution, an algorithm to eliminate the
boss of freedom due to higher singularities in manipu-
Intors is introduced. The propoeed algorithm, which is
based in screw theory, is applicable to both redundant
atd non-redundant manipulators, and is easily imple-
mented on special software like Maple . Finally, the
algarithm is applied in the analysis of & manipulator
with seven degrees of freedom, which is at a singular
configuration,

2 Fundamentals of the method

This Section provides the mathematical fundamentals
of the method, A careful analysis of the set of screws
associated to the kinematic pairs of the manipulator, at
a singular configuration, and its eorresponding subssta,
vields valuable information about the scrow or screws
responsible for the singularity,

2.1 Forward kinematics

Conalder the manipulator showed in Figure 1. The main
elernents of the manipulator are the base link, which
is considered fixed to an ipertinl reference frame, and
the end-effector. Thess elements are labelled 0 and m
respoctively, where m > 0. Clenrly, the workspace,
namely an m-dimensional task space, is defined by m
Jmints

Assume that two consecutive lnks, ¢ and i + 1, are
contiected by a helical pair 3; which is given, wsing
Pliicker co-ordinates, by

(2]

where, & Is a unit vector along the direction of the in-
stantaneous screw axis, [SA, of the helical pair and &
is the moment part of a point @, fixed in body § + 1,

with respect to an arbitrary reference frame whose ori-
gin is located at point @, Moreover, the moment part
is calculated, in terms of the pitch h, as follows

= hij + H = F

where, ¥ is the vector joining a point fixed to the ISA of
the helical pair with .

—a b
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Figure 1: & typical serial redundant manipulator.

IL is convenient to describe the manipulator by an
ordered screw set, 5, as follows

S — {Elptﬁ-. : --1$m—]1$ﬂ’l}l

where B ({ = 1,...,m) nre the consecutive [nfinitesi-
mal screws, which are equivalent to helical pairs, thai
represent the kinematic puirs of the muni Lor.

It is kmown that the velocity stabe, V', of the end-
effector, body m, with respect to Lhe base link, body 0,
can be expressed in terms of the jolot rate velocities, wy,
and the helical pairs, £, as follows

7 i ]
U
r.|.r|$-| I w:ﬂg += .
iy
g
] : : (1)
Wl — |
whm

. +um_]Em_| +\'-I-I|-|-|E|11

where |Jf] is the Jacobisn matrizx whose column space
is the subspace generated by the ordered screw sel 5,
denated by |8, % Bl )

Nuote that the components of the velocity state, V,
also called a bwist on n screw (Ball, 1900) are two three-
dirvensional vectors which are referred with respect to
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the base link, thercfore the velority state resulis in a
six-dimensional vector. The frst vector, ey B8 Lhe
angular velodty of body m, with respect to body (), and
the seoond vector, Ty, g, is Lhe lnear velocity of & point
coincident with paint © but Axed to bady m, with re-
apect to body 0. These vectors, oy vl U oy 0UOE
ludependent of each other and it is always possible to
relate them by means of well-known expressions of ele
mentary kinematice. Equation (1) allows to solve both
Lhe forward and reverse velocity analyses of manipula-
Lors.

2.2 The velocity state as an indicator of
a singular configuration

Aszsume that a manipulator is at singular configuration,
A briel inspection of equation {1) reveals that the ve-
locity state of the end-eHector ks such that at least ane
joint rate veloeity, wy, has an unnatural value, Thus,
al a singular eonliguration there are elements of the Lis
algebem, of3), such that 3 ¢ (8, .. 8. and the end-

effecior cannot have welocity stabes of the form
'I-'-" = 31 i -15.

where 3; € [8; 85 Em)and A e B with A £0
Thus il is evident that, in & singular configuration,

rank{J} = rank{J7) = dim[% S 8| < £

Furthermore, it can be proved that the matrix (JJ7),

where the T denotes transpose, becomes singular, soo
Bentley and Coake (1573). Then, it follows that

rank{JJ") < Min{rank(J), rarnk(J7)} < rank(J) < 6

Therefore
[ {(2IT) =0,

At thi outset, thes resulis seems Lo indicate that the
process outlined in Hunt {1986) may be used to debes-
mine the screw or screws responsible for the singulurity
of redundant manipulatore, Fowever, the drawbacks al-
ready indicabed and the additional multiplication of the
Jacoldan matriz J by its transpose (B a molivation for
exploring another alternntives that shed light into the
subject.

The Lie algebra, (1), which is isomorphic to screw
Lhenry and is considered as the algebra of the infinites-
imal serews of the Euclidean group, E{3), is, without
doubt, a powerful tond to elucidate gingularity problems
of manipalators,

If the velocity state, V', is a six-dimensional vector,
then the rank of the Jacobian malrx is &t most six
Thus, conveniently, at a singular configurstion the or-
doered screw sob, 8, can be gplibled in several ordered
subsets whose cardinality will be at most six,

Let Sy = {8;..., .8} be n subset of &, whoes car-
dinality is al most six, where | < Jg=k =< m. IIthe
elements of S, are adjacent, then 8, © 5 s colled an
ordered subset of 5, and e denoted as &

It s straightforward to demonsirate that at a singu-
far configuration one or more of these ordered sulsets
are linearly dependent.

An ordered subset, 5%, is spid to be 2 minimal
singular ordered subset, S if the subsed has one
loss of [recdom,

1:rJrrIi'r1n!r't_g,|!f;-_T:| - "‘I""IS-J-F s 1

Finally, each minimal singular ordered subsct Jus a
gubmat linwarly independent which i= called a minimal
El.lbﬂt"h. Iﬁ'liﬁ.lnl\.u i’

Sumtuarixing, at & singular ronfiguration the veloe
ity state, 1V, of the end-offoctor, with respect Lo the base
link, requires an impossible or extremely high valued so-
lution of equation (1). This condition vields ot least one
minimal singular ordered subset, 5., of the arderod
screw set, 5. [t s straightforward to demonstrate that
the screw of screws responsible for a singularity is an
slement of at least one nunimal singular ordered subset

The Lie product —an operstion of ihe Lie algebira,
ef3)— provides information about which serew or serews
are responsible for causing singularities in redundant
andd nen-redundant manipulatoss. The next Section shows
the eoncept of the Lie product,

2.3 The Lie product

The Lie product, also known az the dual vector product
or mislor prodiet, is a fundamental operation of the Lie
wlgebra, ef3). Gives two clements of the Lie algebra,

81 = (&, 81 ), By = (4, fon) € £(3);
the Lie procuct, [8; 8y, B defined as a special arrange-
menk of the above-metioned screws ad lollows

.'I‘|_ b .:l.u
-'SP'| = ﬂ'l"_li —_ .'il:| k4 .'|",|:|'|

By %1 = (2]
Mote that the Lie product is anticommutative and nilpo-
tent

Another interceting definition of the Lie product is
givien by [Housoer and Schwarts, 1568),

) ;
(8 Safm ﬁ {rmi (2)8atmade) *[} feeo. ()

where, &) s w tangent voctor to the Buclidean motion
mq{t] at ¢ =i

It ie known, {Chevallereaw, 1996), that at a singular
combguration the trajectory of the end-eMector can be
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perfectly Lracked if the planned trajectory is both or-
thogonal an Langent to the singulur direction. Further,
in somee cases if the time paramoteizalion of tle Lra jec-
tory s selected properly, the trajectory ean be tracked
with finite joint rales, see Chevnllercan [ 19494].

By inspection of cquations (2} and (3), the Lic prod-
uck, [§; 8], yields a screw whese direction is mrthog-
onal to the plane generated by the directions of £, and
$2 and tangent 1o the direction of B2, Tlues, the Lic
product provide: the necessary conditions 1o eliminate
singularilies

3 Kinematic rules to recover from
the loss of motion

Assume that a manipulalor is af a singular ronfigura-
tion, Before do any further, it is pertinent to keep in
minsd that not all the elements of the ordersd scrow set,
S, can b responsible for the singulnrity. Effectively, it
is reported in ke literature Uhat-

I. The extrems scrows, 31 and $,, fever affocis the
telative positions of the remaining screws (Wal-
dron et al., 1085); consequently, £, and %, can
never be either reaponsible for causing a manip-
ulator to fall into, oF able Lo produce an escape
from, & singular configuration and therelore can
be disregarded from the procedoare.

2. Hunt {1978) presented a table, which is ropeated
in Hunt {1986), under the heading “Serew systoms
that “guarantee’ full-cycle mobility™. If a group of
this Lable is present at a singular conliguration,
anc containg another element which i linearly de-
pendent on two or more other elements of the or-
crred screw sel 8, Uen the clements of this Jroeup
eannot offect an cacape from bhe singular configy-
rationa. That iz, in order Lo avoid permanent ali-
gular configurations, a minimal singroler ordored
subset of 5 will do nol generate o subalgebra of
the Lie algebra of3)

From now on it will be nssumed that the singular
conflguration are not permansent

The: following rules for the escapement from singular
eonflgurations, an adaptation of those obtained by {Rico
el al;, 1095) for pon-redundant manipulators, can be
applied Lo restore the rank of the subspace peneratod
by each minimul stngular ardered subset, S

Lot
# Rula 1. Lot § be the ordered screw sel of 8 ma-
nipulator at time & = 0, with 8;{0),3.(0) € 5 and
i = k. Then, the scrow $i(AL) 3 given by
BelAd) = Be(0) 4 |3,000  Fe(0)){AL)
= &+ 8; Fu(At), with Al #0

s Hule 2. There are elements .9 € 8., with
8L & S e mas aned B > [ such that

.! } E-:1| '5'- ’H!In.!mll'

# Rule 3. The dimension of the subspace penor-

ated by the minimal singular ordered sulset - -
cbiained by substituting §} + (8%  $5]AS lnstend
of 3} 5 cquivalent to the cardinality of S
Thus, with this substitution, the subsel 8. s
e longer singular. The serew $; is said Lo be the
actuator screw and &, is culled (he recaptor
serew. Moreover, the dimension of the subsety of
the remaining serews s nob affected by displac-
menits aroumd the screws involved at the singular-
Ly

o Rule 4. Given a minimal singular ordered subset,
Stusaes the Lie product |8, ), where 8.8, €
Sreae Wilh u < v which do not lies to the sub-
space gencrated by the minimal singular ordered
subset, containg the sorew responsible of the slo-
gubarity, Thus, by inspection of the Lie products
that satisfy this conditien, the screw responsible
of the singulirity, namely the actuator screw, can

b imolaied,

# Hule 5. An actuabor sorew ean resbore the dimen-

sion af more than one minimal singular ordered
Allbsel,

These rubes will e applied to each one of the minimal
singular ordered suhsetis,

4 An algorithm that restores the
dimension of a minimal singu-
lar ordered subset

Giiven a manipulator at o singular configuration, this
Section providos an algorithm that restores the dimen-
sion of each one of the different minimal singular ordered
gllbsets associated to the singularity, TUis clear thal oo
e global loss of freedom s eliminated, the manipula-
tor 18 oul of the swpular configpuration, The algorithm,
which has been implemented on Maple V&' has besn
subdivided in several procedures. A briel deseriplion of
each provedure is given now.

4.1 Reading the ordered screw set 5

The nuwmericw] information of the ordered serow sel, 5,
i3 stored In a database, This datalase can be crented
uging & simple cditor ar by means of & routine in Maple
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'L"'E'. Alterwards, the information of ihe database is in-
troduced in the main program by means of the following

procedure,
readoss = proe(i, 3)
 loealk;
Elnhul ordered _serew ael;
ordered _serew_set = vecior|
teaddatn(' C - /firaf problem2 /8 tex', #)):
for &k fromito j do
Blk) := ordered_serewus_set, ;
print{S(k)}; S8(k) :~ 5(k)
o
aend

Thus, with the instruction readoss(1,]), where § and
J denoles the limita of the ordered serew set, the nurmer-
ical information of the ordered scrows associated to Lhe
kinematic paire of the manipulator is intreduced into
the muin program. It is important to take inlo account
thal this procedure do not accept information using ra-
tional numbers, therefore the data are stored using feal
nuzEnisers,

4.2 Computing the Lie product of two
SCTEWS

Given two screws, §; and $,, their Lie product, [§  §,]
is calculated by means of Lhe ollowing procedure,

Lée = proc{r, »)
local zd, pd, xm, ym, a, b;
rd i= wecbor(|x), %2, xa]);
wd == vector{|yy, ya, ¥al)
= vector(|xs, %5, %al):
g i= vector([vy, ¥5, ¥al)
i = erassprod{xd, pd) ;
b 1= evalm(erosspeod(zd, ym)
— eroasprod( yd, zm]];
voctor(|ay, sy, 2y, by, by, bal)
end
The instruction Lie{Ny, IN;) performs the Lie prod-
et between 5, labelled Nj, amd 5,, Lol bimcd .""'Tj. Conve-

niently, for further operationg, this speration is earried
out in a six-dimensional vecuor form.,

4.3 Searching a minimal singular ordered
subset

The lollowing procedure tests U existence of o § — th

minimal singular ordered subset, S5 0 The skeleton

of the procedure is a8 follows,

maak = procli, §)
localk. A, Lof, sndicator;
iff < j — i thenprini{* The e},
rdinalyity of the subsel must
be: smaller than &, Mease tryg Y,
with another suhsa) 1

elee
A = rank{sugment{zeq(S{k), k = L))
printl’ Dnension = *, A);

Lof =3 — i+ I =4
print(’ Lost of freedom =, Lof):
i'F.I'-l'-'f = I then

mdiealor (= i s 0 _tTnsas

aelseindicalor =
plense_fry_with atother _subset

f

fi

end

Given an ordered subset of S, {8;,...,5;} with i <
¥, defined by an interval, {8;,5;), the procedure shows
hovw many bosa of freedom, i any, has the chosen subsset
Resides, the procedure indicates il the ordered subset is
a minimal singular ordered subsct,

The enrresponding instruction of this procedure is
given by msos{N;. Ny}, where Nj and Nj are the labels
il the Brst amd the last serews that define the chosen
imtarval.

[ b8 necesspry to keep in mind that this procedurs
tlo pest dimeicle by itsel§ what could be the srdered subset
whose rank b= deficient, [hies, in order to ghorlen the
senrci of & minimal singular ordered subset, this part of
the computer procedure requEires AN intuitive participa-
tion of the user

4.4 Isolating the secrew or screws respon-
sible for causing a singularity

Ones 8 minimal singular ordered subset is found., The
mext sbep is too isolate the screw or sorews ;mp&mi,hh:
for the singularity. IL s important to nole that the Lic
product among the screw of screws responsible of the
ﬁi.llp__'l.:l'.'llli.t-_'p' withi dach ame ol Lhe rl.-rna.ining sorews of the
minimnl singular ordered subset do oot belong o the
sibapes penerated by Lhe chosen minimal singular or-
derm] subset. The sketch of this procedure is as Tollows,

siehspmes = proeld, 1)
loacal &k, screwl, A, count, counds:
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for serewf from i to ;) do
fserew! < § then
comntf = § — gerew|
else count = |
fi;
cotnt ;= i ;
for k from screw! + [ toj do
A = rankiaugrent
seqS(kl), B = i.z),
Lie{S[serew? ), S{k)))}:
A =j—i4+1then
posibility{ serewl | k) == no:
cound ‘= count + |
elsa posibility{ screm! |, k) := pes
fi;
print('[*, screw?, k, *J,
posibility | serewl |, k)
od;
if connt = couni® thenprinti
'Actuabing the sorew’, serewl |
‘i 14 possible Lo restore the di,
mension of the subset(', 4, 3, '))
else
fi
od
end

Given a minimal singular ordered subset, {8, ..., 8;]
with § < j, this procedurs computes the following Lie
products

|E" iu],u=i,...,j—L;'r.l=:|:+1....1j.

Allerwards, Lhe ph:rnedurl: abvows whwelher the com
puted Lie products belong to the subapacs generated
by the chesen mintmal singular ordered subset ar not,
Finally, the procedure indicates the possible screw or
serews Lhal mu=l be actuated Lo aliminate the linear de
prendence of the dusen minimal singular ordered subset.

The instruction subspace(MN;, N;) performs the above-

mentioned operations,

4.5 Computing the new ordered screw
set

Ghven a minimal ulrlp;ula: ordered subast -[E,,. ..,5_1].
with an element, $; € {5;,-. .,5_,]-, such that &, & the
BOTCW rp-t:lnsl:lhlr. [ar -r.mni:rl[.; Lhe ﬂ||1g‘|.l[u.t"tL].r. This [

[ L K]

cedire, in order to modify the ordered screw sot, eom-
putes the following screws

A

v I=84+1,.,0,3
The skeleton of this procedure is as follows,

newscrews == procf screwact, 1)

kocal k;

global 55:

for k from screwact i tog do

S50k} ==
evalm(S(k) + Lie{S({seremact ), 8{k));
k) i B8(k)

print("S{*, k, 7} =", §(k))

el

end

The instruction newscrows|{M,, M|, where N, is
the Inbel of the serew respomsible of the singularity,
replace the indicated screws with the mew Phicker oo
ordinates.

4.6 Computing the dimension of an or-
dered subset

Given an ordered subset of &, {8, ..., §;}, defined by
an interval (3, 5;), this procedure computes the dimen-
piogy of the chozen orders] subeet. The skeleton of the
procedure is as follows

dirnemmom = procis, 7]

laeal A:

A = rank{augment{seq{33(k), k = 1.J1));
printiA)

end

The dimension of the chosen interval iz calealated
with the instruction dimension{™;, N;}

5 Numerical example, a manipu-
lator with seven degrees of free-
dom

In what follows, n oeder to exemplifly the methodology
ahowed through the previows Sections and the efficiency
of the proposed algorithm, in this Section a redundant
manipulator is analyaed.

“ongider the serial redundant manipulator showed
in figure 2. The ordered serew sel consista of seven ele-
ments; five of them, labelled 8y, 24, 35, 85 and 37, corre:
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spond Lo revolute pairs and the remaining two, lnbelled  Thus, the Jacobian matrlx, J, results in
82 and §;, are associated Lo the only cylindrical pair?

Moreover, the screws 85, 35 and %5 are concurrent [ 1 0 0 0 1 i 0]
urd_th.'_r&t'uhr.- enn be considered as the representation of 00110 ;55 :.]-5
& epheric palr. 0 o0 o0 :.1.5 _:-;'E
Furthermore, note that the screw labelled 1 connects ¥= 0 o0 o000 O 0
the serial chain with the base link, which aets as an in- 0 1 o000 ?f s
ertinl reference frame, and the screw labelled 7 connects -1 0 0 5 0 & E
the end-effector with the serial chain, : v
) Then, the computation of the determinant of the makrix
7k (JJIT) is zero and consequently the manipulator @& at g
g slngular configuration.
5!_; by 3| Further it (= straiphforwssd to demonstrate that
e,
,;.-':?'u%:ﬁ;r:r dim[$; § % % % % =5
e Y
T‘?H ‘ “y, Thus, apparently, the manipulator has loses two degrees

I of freedom.

Before do any further it is convenient to diseard Lhe
screws that have few possibilities to effoct an escaperment
from the singularity.

The extreme scrows of the manipulator are $1 and 39,
Maoreover, the eloments of the group {35, $5, 57} C 5 am
concurrent and generates & subalgebra of «(3), namely
the subgroup of rotations SO0} of the Euclidean group
E[3). Ths, the screws 34, 85, 35, and 1 have no possi-
hility to effect an escape from the singular configuration.

The remaining screws will be analyzed now by ap-

The normalized screws Lhat represent the kinematic  plying the propoesed algorithm, The application of the

pairs of the manipulator, with respect to the chosen  computer procedure yields the following results:
coordinatc-system XV 2 shown in the Bgure, are given readoss(1,7);

by

Figure 2: A RCRERRE manipulator

1..0,0,0,0 -1
33 = (1,0,0;0,0, -1},

32 - (0,0,0;0,1,0), 10,0, 0,0, 1. 0]
$2 = (0,1,0;0,0,0) [0 1,0,0,0 0f
%4 o l:“l I-1'|:|'-.E:'| I:'I E‘}- |“| |n. |:|| ﬂ. ﬂ.. ﬁ]
85 = (1,0,0;0,0,0), 11, 0,0, 0,0, 0
1 1 =14 10 .
e = (10, : 70, ] : 0, TOTTO6, TO7I06, O, —7 07106, 707106
= (075 7507 3) | '
1 -1 10 10 |0, . TOTL06, —.70T106, D, T.07106, 7.07106]
By = lI:I'|_|_:r'|:-_1_ ¥
4 ( T R Y ) 1.,.-"5) maas(1,5];
where the screws §3 and By are associated with the cylin- Dimnension =, 4
drical pair.
The ordered screw set, 8, ol the manipulator is Last af freedom =, |

0% i TN

8= {3_1_1 82, 584,84, 95,56, 81 ).

"Clenrly, & cylimitienl puir enn be compidered s the combina.
tion of a revolute palr and & prismatle pale,

subspace(1,5):
i 1, 2, |, wes

| 1; 3, |, no

. 1,4, |, no

11
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¢ 15, |, yes
[ 2,3, ], pes
[, 2,4, ], pes
[, 2,5, |, pes
|, 3,4, [, no
[, 3,5 | no
[, 4, 5, ], no

Actuating the sevew, ¥, @ i poasible fo restore

the dimensien af the subsel{, 1, 5. |

Actualing the serew, §, il is possible to restore

the dimenmon of the subset(, 1, 5, }
newscrews|4,5);

5, 8)=1,0 1,0 5,0

dimension{ 1,6);
Y
dimension(1,6);
]
readoss{4,5);
[0, 1.,0, 0,0, 5]

[t.,0,0,0,0,0]
newscrows(3,5);
Fh 4 )= [0,1,.0 5,0 5]

S8 )= 1.0 -1.,0,08,0

dimension(1,5);

il
dimension(1,8);

fi
dimension{2,7);

]

It is inleresting to note thatl, although both serews,
23 and 84, can restore the dimension of the minimal
singular ordered aubsel {$;, . %8s}, the screw 8, can-
not restore the dimension of the singular ordered subsat
{%1,....8a). Thus, the final conclusion is that actuat-
ing the third revolute, &5, the manipulator ean overcome
the gingular configuration.

12

6 Conclusions

Given a manipulator at a singular confipuration, this
ecntribution provides an algorithm that restores the di-
menston of eacdh one of the minimal singular ordered
subsets which are associated to the singular configura-
Lion.

Mest researchers eonsider that the study of higher
singularities represents a tedious work. In this contri-
bution the presence of higher singularities do not rep-
rescnb an obstacle to recover the loet of motion of the
manipulator. Moreover, the algorithm is applicable te
both redundant and non-redundant manipulatoes.

Flually, the propesed algorithm was sneoessfully mp-
plied in the analysis of a manipulator with seven de
greed of freedom. The computation of the determbnant
of the matrix {JJ7T) indicated that the manipulator is
alb u singular configuration. Further, the computation
of the rank of the Jacobian matrix showed that, in the
given pogition, the manipulator has lost cne degree of
freedom. The application of Lhe computer procedure re-
venled that actuating only one revolute, the manipulaior
can escape from the singular configuration recovering its
full mobility
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